The hyperfine spectra of the Na 2 1 3 ⌬ g state have been recorded with sub-Doppler continuous wave ͑CW͒ perturbation facilitated optical-optical double resonance ͑PFOODR͒ spectroscopy via
I. INTRODUCTION
There are many theoretical and experimental studies of hyperfine structure ͑HFS͒ in molecular spectroscopy. [1] [2] [3] [4] [5] [6] [7] [8] [9] Alkali metal diatomic molecules have received much attention in hyperfine research. [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] The sodium dimer, one of the most important alkali metal dimers, is an exemplary molecule for studying hyperfine spectroscopy, due to the nonzero nuclear spin, I 1 ϭI 2 ϭ3/2, of Na atoms. The total nuclear spin quantum number IϭI 1 ϩI 2 can be 3, 2, 1, 0. The nuclear spin wave function of Na 2 is symmetric for Iϭ3, 1, or antisymmetric for Iϭ2, 0.
The hyperfine splitting of the Na 2 1 3 ⌬ g state has been resolved by sub-Doppler CW perturbation facilitated optical-optical double resonances ͑CW PFOODR͒ fluorescence excitation spectroscopy. 10 In Ref. 10 , Li et al. analyzed the hyperfine splittings of transitions to high-N levels (N ϭ14-51, N is the rotational quantum number͒ of the 1 3 ⌬ g state from intermediate A 1 ͚ u ϩ ϳb 3 ͟ 1u mixed levels. They successfully explained the hyperfine splittings with the Fermi contact interaction b F I•S 1 term. We report here the hyperfine structure of transitions to low-N levels of the Na 2 1 3 ⌬ g state. This structure turns out to be much more complicated than that of the high-N levels. Hyperfine patterns at high-N are only partially resolved according to their quantum number G(GϭIϩS). 1, 22 The F(FϭGϩN) components of each G are not resolved. At low-N, the intervals between hyperfine splittings become larger and thus the low-N hyperfine spectra become much more complex and more completely resolved. Although the Fermi contact interaction term alone is sufficient to interpret high-N hyperfine spectra, it is not sufficient to explain the observed low-N hyperfine splittings. In order to satisfactorily explain the hyperfine spectra obtained for the entire range of N, we have derived the Hamiltonian matrix element in the case b ␤S coupling scheme, including spinorbit, spin-rotation, spin-spin, and magnetic interactions.
a͒ Author to whom correspondence should be addressed. Electronic mail: lili@lsad.tsinghua.edu.cn
Using such an effective hyperfine Hamiltonian, we have successfully explained the hyperfine structure of these spectra and obtained a set of molecular constants for the 1 3 ⌬ g state of Na 2 .
II. OBSERVATION
Sub-Doppler CW PFOODR spectroscopy has been used to observe the hyperfine structure of the Na 2 1 3 ⌬ g state. The experimental setup has been reported elsewhere. 23 Briefly, a five-arm heatpipe oven was used to generate sodium vapor. The sodium vapor temperature was around 500°C with ϳ0.5 Torr argon as buffer gas. Two CR899-29 ring dye lasers were used as the PUMP and PROBE lasers. The two laser beams were co-propagated along the axis of the heatpipe. The PUMP laser frequency was held fixed to excite an 
III. THEORY
There are many publications on the theory of hyperfine structure of diatomic molecules. 1,26 -30 The spin-orbit constant for the Na 2 1 3 ⌬ g state is very small, while the Fermicontact interaction constant is relatively large. 10 The logical choice of angular momentum coupling case for the 1 3 
͑7͒
Where e is the electronic charge, the incorporation of the minus sign to the Hamiltonian is to conform with the IUPAC recommendations. 32 Due to the Rydberg character of the electronic states, the effects of the nuclear electric quadrupole interaction is small, this Hamiltonian term has not been used in our analysis.
The parameters in the magnetic hyperfine Hamiltonian of Eq. ͑6͒ are 8, 31, 33 
͑10͒
Here B and N are the Bohr and nuclear magnetons, g S (g S ϭ2.0023 3, 34 ͒ and g N are the electron spin g-factor and nuclear spin g-factor, respectively, and r i , i are the spherical polar coordinates of electron-i, defined with respect to the nucleus under consideration. The average is over the valence electrons. The term aI•L represents the nuclear spinelectronic orbital angular momentum interaction, b F I•S represents the Fermi contact interaction, 33 and the c term represents the dipolar electronic spin-nuclear spin interaction.
The wave function for the 1 3 ⌬ g state in the case b ␤S coupling basis set is symbolized by ͉⌳N(SI)GF͘.
The matrix element of the rotational term ͓Eq. ͑2͔͒ is diagonal in the case b ␤S basis and is given as
Matrix elements of Eqs. ͑3͒-͑7͒ can be expressed compactly using the spherical tensor formalism.
35,36
The spin-orbit matrix elements are
͑12͒
The spin-spin matrix elements are
and the spin-rotation matrix elements are
͑14͒
Magnetic hyperfine matrix elements can be separated into three additive terms, nuclear spin-electron orbital interaction, Fermi-contact interaction, and the spin dipolar term. The Fermi-contact interaction matrix is exclusively diagonal in the case b ␤S basis
The nuclear spin-electron orbit interaction matrix elements are similar in form to the spin-orbit matrix elements
͑16͒ and the dipolar interaction matrix elements are
͑17͒
From the above expressions of the matrix elements, Eqs. ͑11͒-͑17͒, and the properties of the 3-j, 6-j, and 9-j symbols, 36 ⌬NϭNϪNЈ can be 0, Ϯ1, and Ϯ2, ⌬GϭG ϪGЈ can be 0, Ϯ1, and Ϯ2, and ⌬Iϭ0, Ϯ1. When the nuclear spin quantum number I changes by one quantum, the symmetry of the nuclear wave function must change from symmetric ͑antisymmetric͒ to antisymmetric ͑symmetric͒. Thus the only allowed value for ⌬I is 0. The full matrix has the following properties:
͑a͒ real symmetric; ͑b͒ diagonal in F; ͑c͒ diagonal in I; ͑d͒ off-diagonal in G(⌬Gϭ0;Ϯ1;Ϯ2) and N(⌬Nϭ0; Ϯ1;Ϯ2).
In order to obtain the hyperfine eigenenergies, we must first set up and then diagonalize the matrix. 
IV. RESULTS AND DISCUSSION
The intermediate b 3 ͟ u ⍀ϭ1 levels have no resolvable hyperfine splittings at 20 MHz resolution.
11 Our sub-Doppler resolution was 50 MHz. Thus the hyperfine splittings measured in the PFOODR excitation lines are due solely to the 1 3 ⌬ g upper state.
A. Fermi contact interaction
The previously reported OODR excitation spectra of the Na 2 1 3 ⌬ g Nϭ14-51 rotational levels exhibit a five line pattern for transitions between antisymmetric rotational levels (Iϭ3,1) and a four line pattern for transitions between symmetric rotational levels (Iϭ2,0). No additional structure was resolved within any of the 5 ͑or 4͒ lines. These rotational levels are well described by the case b ␤S hyperfine coupling scheme and dominated by the Fermi-contact interaction, which describes the contribution from the s-electron density at the nucleus, 2 (0). Li et al. 10 predicted that the Fermi contact constants of the Na 2 and Li 2 triplet Rydberg states will all be about 1/4 of the values of the Fermi contact constants of the ground-state atoms ͓b F ( 7 Li 2s 2 S)ϭ402 MHz, and b F (Na 3s 2 S)ϭ886 MHz͔. The experimentally determined b F value from the Nϭ14-51 levels is 210Ϯ8 MHz for the Na 2 1 3 ⌬ g state. Hyperfine splittings of other triplet Rydberg states of Na 2 and Li 2 were also resolved and the Fermi-contact constants obtained experimentally were found to agree quite well with the predicted values.
Since the Fermi contact interaction is not N-dependent, we will use b F ϭ220 MHz as its initial value in our calculations and simulations.
B. Spin-orbit interaction
At the case b ␤S coupling limit, S and I couple to yield G and G then couples with N to produce F. For the 1 3 ⌬ g N ϭ14-51 levels, the hypermultiplets are well described by E N,G,I ϭ(b F /2)͓G(Gϩ1)ϪS(Sϩ1)ϪI(Iϩ1)͔, and the F splittings within each G component were unresolved for all Nϭ14-51 levels at 50 MHz resolution.
At high-N the angular momentum coupling scheme for the Na 2 1 3 ⌬ g state is close to Hund's case b 37 due to weak spin-orbit interaction. However, at low N, the spin-orbit interaction will have an important effect on the hyperfine structure. The HFS of the Na 2 4 3 ⌺ g ϩ state has been studied by PDOODR fluorescence excitation spectroscopy and the coupling scheme is case b ␤S with b F ϭ214Ϯ50 MHz. Since this is a 3 ͚ state and its spin-orbit splitting is zero, the low-N HFS pattern remains case b ␤S . 
The eigenenergy for the 2 D 5/2 state is
From the angular momentum relation jϭlϩs, l•sϭ
Ϫs 2 ), the eigenenergy for Na 3d 2 D 5/2 can be expressed in another form
and jϭlϩs ͑here lϭ2, sϭ1/2 for 2 D 5/2 , and jϭ5/2). From Eqs. ͑19͒ and ͑20͒ a 3d ϭ. ͑22͒
The eigenenergy for 3d( 2 D 3/2 ) is
From Eqs. ͑20͒-͑23͒, the atomic spin-orbit splitting is
A simple correspondence between molecular spin-orbit interaction constant and atomic spin-orbit interaction can be estimated below. For 1 3 ⌬ 3g (⍀ϭ3), the wave function is
The diagonal matrix element of the spin-orbit term is ͗⌳,͚,S,⍀,v͉H
͑27͒
From the electron configuration of the 1 3 ⌬ 3g state, the spinorbit interaction matrix element can also be written as
Consider the admixture of 3d and 4d orbitals due to the necessity to minimize spatial overlap of the ␦ g orbital with the valence g (ns) bonding orbital. The mixing of 4d into 3d is an overlap repulsion effect due to a charge distribution near the Na nucleus different from what it is on the free atom.
where S(R)ϭ͗3s 1 ͉3s 2 ͘ is a two center overlap which depends on internuclear distance. N g ϭ͓2(1ϩS)͔ Ϫ1/2 is the normalization factor. g ␦ g corresponds to ͓2(1 ϩS)͔ Ϫ1 3s e Ϫ on each Na atom. This is slightly less than 1/2 of a 3s e Ϫ , which shields ͑destabilizes͒ the 3d␦ e Ϫ1 from the Na ϩ ion-core and also destabilizes the 3d␦ e Ϫ by overlap repulsion. The 3d␦ orbital expands by mixing in some 4d␦ orbital character with the phase that reduces the electron density along the internuclear axis.
The admixture of 3d and 4d orbitals can be expressed as
where Nϭ(1ϩ⑀ 2 ) Ϫ1/2 is the normalization factor and ⑀ expresses the mixing of 4d into the nominal 3d orbital. If one substitutes Eq. ͑31͒ into Eq. ͑28͒, one obtains
There is a relation for a(nd)
and a͑3d,4d ͒ϭ͓a͑ 3d ͒a͑ 4d ͔͒ 1/2 ϭ0.650a͑3d ͒. ͑35͒
From Eqs. ͑34͒ and ͑35͒, Eq. ͑32͒ becomes
From Eqs. ͑27͒ and ͑36͒, we obtain the relationship between the molecular spin-orbit interaction constant and the atomic spin-orbit interaction constant
⑀Ͻ0 is the right sign to cancel electron density near the bond axis. From the fit of the hyperfine spectra, the spin-orbit constant for the Na 2 1 3 ⌬ g state is very close to one tenth of the atomic Na 3d spin-orbit splitting, Ϫ148 MHz, and ⑀ can be estimated to be Ϫ0. 37 . Figure 1 gives a comparison between the observed OODR excitation spectrum and the calculated spectrum including only the Fermi-contact and spin-orbit interactions. In the calculation we take b F ϭ220 MHz, a spin-orbit constant of Ϫ148 MHz, and all other interactions (H ss ,H sr , etc.͒ are taken as zero. It is evident that the extra splitting of the low-N levels beyond what is observed at higher-N is mainly due to the diagonal spin-orbit term.
C. Spin-rotation interaction
There are three limiting hyperfine coupling schemes in case b: b ␤N , b ␤S , and b ␤J . The b ␤N coupling case, nuclear spin I is first coupled to N to form an intermediate angular momentum F 1 , which then couples to spin S to generate the quantum number F. Case b ␤N is seldom observed, because the much larger magnetic moment associated with the electron spin should couple much more strongly to N than does the nuclear magnetic moment. Cases b ␤S and b ␤J are the two usually observed hyperfine coupling cases in case b. Whether a state belongs ͑or is close͒ to cases b ␤S or b ␤J depends on whether the electron spin S interacts more strongly with the nuclear spin I ͑via Fermi-contact, b F I•S) or the rotational quantum number N ͑via spin-rotation, ␥N•S). If the spinrotation interaction is stronger than the Fermi-contact interaction, the coupling order is that S is first coupled to N to generate the intermediate angular momentum J, which is then coupled to the nuclear spin I to form the total quantum number F.
NϩSϭJ, JϩIϭF.
This coupling case is called case b ␤J . In order for the Fermicontact interaction to be extremely strong, an unpaired electron in a molecular orbital must have significant atomic s orbital character in order to have high-electron density at the nucleus as required by Eq. ͑9͒. In this case, electron spin S is first coupled to nuclear spin I to form the intermediate quantum number G which is then coupled to the rotational quantum number N to obtain the final quantum number F.
SϩIϭG, NϩGϭF.
This is called case b ␤S . 31, 43 As the rotational quantum number increases, the spin-rotation interaction inevitably becomes stronger, ϰN, and the coupling scheme will evolve from case b ␤S toward case b ␤J .
That the coupling scheme of the Na 2 1 3 ⌬ g state is very close to case b ␤S for rotational levels up to Nϭ51 indicates that the spin-rotation interaction remains negligible relative to the Fermi-contact interaction even for Nϭ51 rotational levels. Figure 2 displays the calculated hyperfine splittings for different values of the spin-rotation constant (␥ ϭ0.005b F , 0.02b F , and b F ϭ220 MHz͒ as the rotational quantum number N increases. As discussed above, the splittings of the low-N levels are dominated by the spin-orbit interaction. The calculation shows that the spin-rotation interaction constant, ␥, must be smaller than 0.005b F ϭ1.1 MHz in order to explain the high-N experimental results. Because the spin-rotation interaction constant is so small, we ignore this spin-rotation interaction term in our theoretical analysis. Previous studies show that the transition from b ␤S to b ␤J for the 2 3 ͚ g ϩ , 3 3 ͚ g ϩ , and 4 3 ͚ g ϩ states of Na 2 occurs at much smaller N levels, implying that the spinrotation interaction is stronger in these states than in the 1 3 ⌬ g states. This is because there is significant p character in all of these states, even the nominally d states, and there can be no p character in 1 3 ⌬ g . Spin-rotation interaction is second order in H so H rot and H so is very small for d.
D. Spin-spin, spin-electronic, and rotation-electronic
Spin-electronic (J Ϯ •S ϯ ) and rotation-electronic (N•L) interactions have little effect on the hyperfine splittings of the 1 3 ⌬ g state and are not considered in the hyperfine analysis. The spin-spin interaction term, , is usually smaller than second-order spin-orbit effects. The above spin-rotation analysis shows that spin-rotation is very small. This is conclusive evidence that the H so contributions in second-order are always negligible for Na 3d. This means that the non-negligible spin-spin contribution comes from a true microscopic spin-spin mechanism. Figure 3 shows the calculated hyperfine splitting as a function of rotational quantum number N for different values of the spin-spin interaction constant, ͑a͒ ϭ50 MHz, ͑b͒ ϭ150 MHz all with b F ϭ220 MHz. The calculated splitting patterns show that spin-spin interaction controls the hyperfine splittings within each G component and, at large N-values, becomes independent of N. From a comparison of the calculated splittings in Fig. 3 to the experimental spectra, a reasonable initial trial value of the spin-spin interaction constant is between 50 and 100 MHz for the simulation of hyperfine spectra ͑intensities and splittings͒.
E. Simulation of hyperfine spectra
The Na 2 
For the Na 2 1 3 ⌬ g ←b 3 ͟ 1u case it is expressed as ͗1;1,0;JЈ,1,I,FЈ͉͉T 
The selection rule for nuclear spin quantum number I is ⌬I ϭ0. The total wave function ͑including both nuclear spins and rotation͒ should be antisymmetric with respect to permutation of the two Na nuclei. 
F. Line shape simulation
Although the fine structure for the 1 3 ⌬ g state was completely resolved, the hyperfine components were incompletely resolved for all rotational vibrational levels, It is difficult to determine the individual hyperfine frequencies by a   FIG. 4 . ͑a͒ Theoretical simulation of hyperfine spectrum with the parameters listed in Table II for Na 2 1 3 ⌬ g (vϭ14, Nϭ2)←b 3 ͟ 1u (vϭ25, J ϭ2) for ⌬FϭϪ1, ⌬Fϭ0, and ⌬Fϭϩ1, respectively, ͑b͒ experimental spectrum and ͑c͒ summation of theoretical simulations in ͑a͒. least-squares fit. The experimental hypermultiplet profiles are simulated as follows. The hyperfine energy levels for each rotational level are calculated by diagonalizing the full matrix described in Sec. III; the relative transition intensities can be calculated using Eq. ͑39͒. All transitions are assumed to have a Lorentzian shape with full width at half maximum ͑FWHM͒ϭ55 MHz,
where I 0 is the maximum at line center ϭ 0 and FWHM ␦ϭ␥. Table II lists the results of the nonlinear least-squares fit of the molecular constants for the Na 2 1 3 ⌬ g state. Figure 4 shows the theoretical simulation for 1 3 ⌬ g vϭ14, Nϭ2 hyperfine spectra with ⌬FϭϪ1, ⌬Fϭ0, ⌬Fϭϩ1 and the summation of all of these possible transitions and compares this simulation to the experimental spectrum. Figure 4 shows very good agreement between the experimental spectra and theoretical simulations. Figures 5 and 6 show comparisons between simulations and experiments with the same set of molecular constants for 1 3 ⌬ g (vϭ14, Nϭ5)←b 3 ͟ 1u (v ϭ25, Jϭ7) and 1 3 ⌬ g (vϭ14, Nϭ22)←b 3 ͟ 1u (vϭ25, J ϭ22), respectively. Figure 7 shows the calculated hyperfine splittings of the 1 3 ⌬ g state versus the rotational quantum number, N. The results show the evolution of the hyperfine splitting pattern as N increases, thus providing a global interpretation of the experimental spectra for all rotational quantum numbers N, both high-N and low-N.
G. Nonlinear least-squares fit results and comparison with experimental spectra

V. CONCLUSIONS
We have expressed the hyperfine Hamiltonian for a homonuclear diatomic molecule in the Hund's case b ␤S basis. With this matrix, we theoretically calculated the hyperfine splittings for the Na 2 1 3 ⌬ g state. We reanalyzed the hyperfine spectra of Na 2 1 3 ⌬ g ←b 3 ͟ 1u transitions for both high-and low-rotational quantum numbers. With a nonlinear least-squares fit, one set of optimized molecular constants is obtained. The molecular parameters thus determined result in good agreement between calculated and experimentally observed line profiles for rotational levels from Nϭ2 to the highest observed levels, Nϭ51.
Our analysis shows that the weak spin-orbit interaction of the 1 3 ⌬ g state plays a major role for the hyperfine splittings of the low-N rotational levels. Effects of the electronic spin-rotation coupling (␥N•S) to the HFS are negligible and do not play an important role for levels with Nр51. The separations between the G components depend on the Fermicontact parameter, b F . The electron spin-spin and nuclear spin-electron dipolar interactions give rise to the splittings within each group of G value and this splitting does not change with N as N increases up to Nр51.
We studied vibrational levels of vϭ13-17. The HFS is not v-dependent within the vibrational levels we observed.
